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Nomenclature

c = wing section chord
�Cd�cf = drag coefficient due to crossflow

�Cd�f = drag coefficient due to friction

Dcamber = chordwise force due to camber
Df = chordwise friction drag
dy = spanwise length of a particular wing section

_h = plunging or heaving velocity of wing section
Na = normal force due to apparent mass effect
Nc = circulatory normal force
Ts = leading-edge suction force
U = freestream velocity or inflow velocity

V̂0:25c = resultant velocity at quarter-chord location
w = downwash velocity
�� = resultant angle of attack, �� tan�1� _h=U�
�0 = section zero-lift angle of attack
�� = zero mean dynamic pitch angle
�s = leading-edge suction efficiency
� = pitch angle, ��� ��
_� = pitching velocity of wing section
�� = total mean pitch angle
��a = mean pitch angle of flapping axis with respect to U
� = atmospheric density

I. Introduction

T HE fluid–structure interaction analysis of biological and
artificial flapping flyers is extremely complicated; thus, an

efficient unsteady aerodynamic model is required in such time-
consuming problems as optimal flapping-wing design and flapping-
wing flight simulation. In spite of the remarkable achievements in
flapping-wing aerodynamic modeling, most studies on the flight

dynamics and control of ornithopters have been performed by
employing quasi-steady models [1–5]. These aerodynamic models
cannot describe the unique aerodynamic characteristics of orni-
thopter flights in low Reynolds numbers, such as wake effect and
dynamics stall. DeLaurier [6] developed an efficient unsteady
aerodynamic model of a root flapping wing by using a modified strip
theory (MST) in terms of a three-dimensional Theodorsen function
with the consideration of leading-edge suction force, poststall
phenomena, friction drag, and vortex wake effect.

The purpose of this Note is to further improve MST to consider
dynamic stall for a high relative angle of attack. The analysis results
of the present aerodynamic model are compared with the
experimental data of a flat plate wing with oscillating motion.

II. Aerodynamic Model

A. High Relative Angle of Attack

MST was originally derived under the approximations that the
wing section has a small relative angle of attack. However, if the
plunging velocity is increased relative to the freestream velocity, then
the wing section could be exposed to a high relative angle of attack.
This means that MST no longer stands for the low-order approxi-
mations to express the nonlinear terms inside the aerodynamic
model. Therefore, we took the higher-order approximation into
account to expand the aerodynamicmodel for a high relative angle of
attack.

With the horizontal velocity Vx and the vertical velocity Vn;0:25c of
thewing section at the quarter-chord location, as shown in Fig. 1, the
relative angle of attack can be defined as follows:

� � tan�1�Vn;0:25c=Vx�

� tan�1
�
_h cos�� � ��a� � 0:25c _��U sin � � w

U cos � � _h sin�� � ��a�

�
(1)

In Eq. (1), sin � can be expressed by using a trigonometric series as
follows:

sin �� ��� ���O��3� (2)

where the last term represents the sum of higher-order terms.
With the flow’s relative angle of attack at the 3

4
-chord location �0,

given in [6], and Eq. (2), the vertical velocity component at the
quarter-chord location can be expressed as follows:

Vn;0:25c �U
�
_h cos�� � ��a� � 0:75c _��U�� � w

U

�

�U� ���O��3�� � 0:5c _��U��0 � ���O��3�� � 0:5c _� (3)

The relative angle of attack � can be obtained by

� � tan�1
�
U�0 �U� ���O��3�� � 0:5c _�

U cos � � _h sin�� � ��a�

�
(4)

Taking into account the relative angle of attack in Eq. (4), the
section’s circulatory normal force, the leading-edge suction force,
and the chordwise force due to the camber can be expressed as
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dNc � 2���0 � �0 � ��� cos � �UV̂0:25c

2
cdy (5)

dTs � �s2�
�
�0 � �� � 1

4

c _�

U

�
sin �

�UV̂0:25c

2
cdy (6)

dDcamber ��2��0��0 � ��� cos � �UV̂0:25c

2
cdy (7)

The other aerodynamic forces, dNa and dDf, are the same as givenby
Eqs. 14 and 19 in [6], respectively.

B. Dynamic Stall Model

Unsteady dynamic stall effects were observed in the high relative
angle of attack ranges caused by the large plungingmotion as well as
by the pitching motion [7]; thus, the dynamic stall effect due to the
plunging motion, and not just for the pitching motion, needs to be
considered in the aerodynamic model. In the MST model, as
expressed by Eq. 22 in [6], the effects of pitching and plunging are
reflected in a dynamic stall model through the rate of change of the
angle of attack. However, the stall model is not adequate to flapping-
wing flight with large plunging and pitching motions in low
Reynolds number flow, because the dynamic stall angle was taken
from the semiempirical criteria for helicopters [8].

The dynamic stall model proposed in this study consists of two
parts: 1) when the dynamic stall effect occurs (the dynamic stall
criteria), and 2) how the magnitude of aerodynamic forces is
determined (the dynamic stall effect). The dynamic stall criteria can
be formulated based on the unsteady aerodynamic test data of the
flapping wing. However, it is not easy to define the representative
stall criteria in closed form. In the present study, based on the
experimental data acquired by Scherer [9], we adopt the dynamic
stall effect, as in the following statement: the instantaneous
maximum values of the lift coefficient could be as large as twice the
maximum steady value under the dynamic stall criteria. Using the
assumption of dynamic stall phenomena and the relative angle of
attack � expressed in Eq. (4), we suggest here the dynamic stall
criteria defined at the leading edge of the flapping wing as follows:

1) For the attached flow condition,

��stall�min �
�
� � 1

4

�
c _�

U

��
� ��stall�max (8)

2) For the dynamic stall condition,

��dynamic�min �
�
� � 1

4

�
c _�

U

��
� ��dynamic�max (9)

3) Poststall condition is defined beyond the dynamic stall range. In
Eq. (8), ��stall�min and ��stall�max are the minimum and maximum
static stall angles determined in the steady aerodynamic data. In

Eq. (9), ��dynamic�min and ��dynamic�max are the minimum and
maximumdynamic stall angles, which are available over the attached
flow condition and are expressed as follows:

��dynamic�max � �max��stall�max (10a)

��dynamic�min � �min��stall�min (10b)

with

�max �
�
1� jtan�1 � _h cos��� ��a�=Vx �j

j��stall�maxj
� 0:51��= _�mag�

��������������
c _�mag=2U
p

��stall�max
; ��dynamic�max � 2��stall�max

2; ��dynamic�max > 2��stall�max

(11a)

�min �
�
1� jtan�1 � _h cos��� ��a�=Vx �j

j��stall�minj
� 0:51��= _�mag�

��������������
c _�mag=2U
p

��stall�min
; ��dynamic�min 	 2��stall�min

2; ��dynamic�min < 2��stall�min

(11b)

where _�mag is the absolute value of
_� [10]. As expressed by Eq. (11), the dynamic stall criteria depend on both the plunging and pitching effects.
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The aerodynamic forces applied on the strip should be expressed
differently with respect to the flow conditions. Figure 2 shows the
wing section aerodynamic forces as per the stall criteria. In the
attached flow range (Fig. 2a) and the dynamic stall range (Fig. 2b),
the modified aerodynamic forces are expressed by Eqs. (5–7). In the
dynamic stall range, to take into account the unsteady aerodynamic

characteristics of the leading-edge vortex [11], the direction of the
leading-edge suction force is assumed to be perpendicular to the
wing chord. The circulatory normal force is assumed to be applied at
the 1

3
-chord location from the leading edge due to themovement of the

aerodynamic center. In the poststall flow range (Fig. 2c), the
aerodynamic forces are the same as those defined inMST. Thewhole
wing’s instantaneous lift, thrust, and moment can be obtained in the
same manner as outlined in [6].

III. Verification of Aerodynamic Model

A. Verification Model

Toverify the aerodynamicmodel proposed in the present study,we
compared the aerodynamic forces and moment calculated by using
the improved aerodynamic model with the wind-tunnel test data
obtained by Okamoto and Azuma for a finite rigid oscillating wing
[12]. In the experiment, the wing was a flat plate with a wing aspect
ratio ofAR� 6, awing chord of c� 30 mm, and awing thickness of
t� 1:5 mm, and the inflow speed was set to 3:7 m=s during the test.

B. Steady Aerodynamics

For the application of the aerodynamic models, the aerodynamic
coefficients, �s, �Cd�cf , and �Cd�f, the zero-lift angle, and the
maximum and minimum static stall angles should be defined before
the unsteady aerodynamic analysis. These aerodynamic parameters
can be determined by using the lift and drag coefficients measured in
the steady aerodynamic test. In this study, we determined the
aerodynamic parameters using the least-squares method tominimize
the estimation errors, resulting in the following:
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�s � 0:18; �Cd�cf � 2:65; �Cd�f � 0:068

�0 � 0:0 deg; ��stall�max � 8:67 deg

��stall�min ��8:67 deg (12)

Figure 3 shows the comparison between the MST and the
experimental data. The results show good agreement in the lift and
drag coefficients, especially within the fully attached flow range;
however, in the region outside of the attached flow range, there are
some discrepancies, which may be caused by the discontinuity
characteristics of MST near the static stall angle.

C. Unsteady Aerodynamics

Using the determined aerodynamic parameters, we performed an
unsteady aerodynamic analysis of the plate wing under the same test
conditions: the heaving amplitude, h1 � 14:7 mm, and the heaving
motion frequency, !� 80:16 rad=s [12]. A low-pass filter with a
cutoff frequency of 30 Hz was adopted in the data postprocessing,
just as used in the experiment. To investigate the improvement of the
aerodynamic model, we compared two kinds of aerodynamic
models. The first model is the MST, which is the original MST, and
the second one is MST-stall, which is proposed in this study.

Figure 4 shows the time histories of the resultant angle of attack ��,
the perpendicular force coefficient CP, the thrust coefficient CT , and
the aerodynamic moment coefficient at the quarter-chord CM;0:25c
when the pitch angle � of the wing is fixed at 6
 and the wing is
oscillating in the vertical direction, resulting in a heaving motion.
The resultant angle of attack �� can increase up to 23.2
 in the middle
of the downward stroke, and this angle of attack is almost three times

higher than the static stall angle (8.67
); this high relative angle of
attack causes the aerodynamic model (MST-stall) to overpass the
dynamic stall range. During the upward stroke, the perpendicular
force and thrust coefficients obtained by MST and MST-stall are in
good agreement with the experimental data. During the downward
stroke, however, there are significant discrepancies between theMST
and the experimental data. In contrast with the MST results, the
aerodynamic force and moment coefficients obtained from MST-
stall showvery good agreementwith the experimental data during the
entire stroke.

Figures 5 and 6 show more comparisons of MST and MST-stall
models with the experimental data for various pitch angles from 0 to
20
, in terms of the mean and rms values. To specify the upper and
lower boundaries of the unsteady aerodynamic coefficients, we also
present the quasi-steady analysis results and the steady test data in the
first plot of Fig. 5. For all the pitch angles, the mean values ofCP and
CT of MST-stall agree with the experimental data much better than
those of MSTand the quasi-steady method. The moment coefficient
plot also shows that theMST-stall result is closer to the experimental
data when the pitch angle is lower than the static stall angle. Figure 6
also shows that MST-stall presents more accurate RMS values of
aerodynamic coefficients than other models.

The overall comparison results clearly confirm that the unsteady
aerodynamic performance of a flapping wing can bemore accurately
predicted by MST-stall, especially when the pitch angle is less than
the static stall angle. Because most biological and artificial flyers
sustain the mean pitch angle less than the static stall angle during
cruise flight, MST-stall is anticipated to be valuable for an efficient
unsteady aerodynamic prediction of flapping flight.

IV. Conclusions

In the present study, an unsteady aerodynamic model, MST-stall,
was suggested for its efficient and practical application to the
aerodynamic and aeroelastic analyses of flapping wings. The MST
model was improved to consider dynamic stall for a high relative
angle of attack. The dynamic stall model was proposed to consider
the dynamic stall effects due to both the plunging and pitching
motions, and the aerodynamic forces applied on the wing section
were differently described according to the flow conditions. To
investigate the accuracy and validity of MST-stall, the analysis
results using MST and MST-stall were compared with the
experimental data for an oscillating flat plate wing. The comparison
results clearly showed thatMST-stall canmore accurately predict the
unsteady aerodynamic loads of the oscillatingfinitewing. Because of
the simplicity of the present model, MST-stall can be efficiently used
in various time-consuming problems of flapping-wing flights, such
as fluid–structure interaction, optimal flapping-wing design, and
flapping-wing flight control.
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